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COMPLEX HERMITE FUNCTIONS AS FOURIER-WIGNER TRANSFORM 


F. AGORRAM, A. BENKHADRA, A. EL HAMYANI, AND A. GHANMI 


Abstract. We prove that the complex Hermite polynomials Hm,n on the complex plane C can be 
realized as the Fourier-Wigner transform V of the well-known real Hermite functions on real line 
R. This reduces considerably the Wong’s proof lfT9l Chapter 21] giving the explicit expression of 
V{hm, hn) in terms of the Laguerre polynomials. Moreover, we derive a new generating function for 
the Hm,n as well as some new integral identities. 


1 Introduction 


The so-called Fourier-Wigner transform is the windowed Fourier transform defined by 


( 1 ) 




for every {p,q) G x and every complex-valued functions f,g E This transform is 

a basic tool to study the Weyl transform [[5l dH [T9l| and to interpret quantum mechanics as a form 
of nondeterministic statical dynamics ifTSll . It is also used to study the nonexisting joint probability 
distribution of positioned momentum in a given state [fT^ . In addition, the transform V leads to 
the well-known Segal-Bargmann transform for a special window function [l5l|T3- As basic property 
of this transform, one can use it to construct orthonormal bases for the Hilbert space L^(C'^) from 
orthonormal bases of 

In the present paper, we provide a new application of the Fourier-Wigner transform in the context 
of the complex Hermite polynomials Hm,n Ellinilll- More precisely, we realize z) as the 

Fourier-Wigner transform of the well-known real Hermite functions hn on R. This reduces consid¬ 
erably the Wong’s proof |[l9l Chapter 21] giving the explicit expression of V{hn,hm) in terms of 
the Laguerre polynomials. Moreover, we derive a new generating function for the complex Hermite 
polynomials Hm,n as well as some new identities in the context of integral calculus. 

The basic topics that we need in Fourier-Wigner transform, and in real and complex Hermite poly¬ 
nomials are collected in Section 2 and Section 3, respectively. In Section 4, we state and prove our 
main results. We end the paper with some concluding remarks. 


2 The Fourier-Wigner transform 


The Fourier-Wigner transform V ; (/, g) i —> V(/, g), given through O, is a well defined bilinear 
mapping on L^(R'^) x L^(R'^), with 
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for every (/, g) G x and {p, q) E x R*^. It ean be realized as a Fourier transform 

defined on R'^ by 

In faet, we have V(/, g){p, q) = f^g{-\p)){—q), where the funetion y \ —)■ Kf^g{y\p) belonging to 

(R'^) is defined on R'^ by 

(2) KfAvlP) = + f) ^ “ f) 

for every given f,gE L^(R'^) and fixed p E R'^. More explieitly, 

(3) VU.Mp.,) = (^)7,,e‘<->/ {y+l)p{y-Eyy. 

An interesting result for V is the Moyal’s formula 

(V(/,7,V((/?,^/^))^2(cd) = (/,V?)L2(Kd) (7,t/)L2(Rd); f,g,p,'ilJE L^R^, 

giving rise to 

l|12(/, 5')|72(cd) = ||/|lL2(Kd) ||5'llL2(Kd) • 

Subsequently, we have V(L^(R'^) x L^(R'^)) c Moreover, V(iS(R‘^) x iS(R'^)) C iS(C'^) for 

every / and g in the Sehwartz spaee iS(R‘^). 

Using Moyal’s formula and, it ean be shown lfT9l that the Fourier-Wigner V ean be used to eonstruet 
orthogonal bases of L^(C‘^) from those of L^(R'^). More preeisely, if {pk, A: G M} is an orthonormal 
basis of L'^{W^), then {pjk = pk)', i, A: G N} is an orthonormal basis of L^(C'^) with 

l7ifc|lL2(C‘') “ l7illL2(Rd) l7fc|lL2(Rd) ■ 


3 Real and complex Hermite polynomials 


The elassieal real Hermite polynomials Hn{x) are defined by the Rodrigues’ formula 

9 9 

Hn{x) = {-iTe^ —{e- ), 

or also by their generating funetion 

(•4^ ^ ^rnjx) ^ 

rto rn\ 

Assoeiated to Hn they are the Hermite funetions 

hnix) = e 2 Hn{x), 

whieh eonstitute an orthogonal basis of the Hilbert spaee (R). An interesting result for the Hermite 
functions is the Mehler’s formula If2n i9l. 


( 5 ) 

fulfilled for |A| < 1, where 

(6) 9{x,y\X) 


+00 

E 


m=0 


ym 

-;^;^^hr^{x)hra{y) = g{x,y\\) 


vT^ 


exp 


l + A^ 


2(1-A2) 


{x^ + y^) + 


2A 


1-A2 


xy 
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An extension of Hm{x) to the eomplex variable are the so-ealled eomplex Hermite polynomials 
Hm,n{z, z) introdueed by ltd [flAll in the eontext of complex Markov process. They can be defined by 
means of their generating function (71 


(7) 


+0O m „.n 

^ —j—j-77m,n(^,T) 

m%0 n'- 


^—uv-\-zu-\-zv 


The explicit expression of Hm,n in terms of the generalized Laguerre polynomials ((EH) 
given by (III 13 


( 8 ) 




[z,z) = 


| ^ | |m-n| ^i{m-n) arg(.) (| ^ 


with z = The polynomials Hm,n constitute a complete orthogonal system of the Hilbert 

space T^(C; dX) and appear naturally when investigating the eigenvalue problem of some second 
order differential operators of Laplacian type ll20l[T4l [8(. 


Several interesting features of Hm,n in connection with singular values of Cauchy transform (121 . 
coherent states theory (21 ID, combinatory ifTTlfT^ and signal processing |[l6l[3l have been studied 
recently. In the next section, we realize Hm,n{z] z) as the Fourier-Wigner transform of the well-known 
real Hermite functions hn on M, and derive interesting identities of these polynomials. 


4 Main results 


In this section, we provide new applications of the Fourier-Wigner transform and see how it turns 
up in the context of complex Hermite polynomials. The first main result gives the explicit expression 
of V{hm, hn) in terms of the complex Hermite polynomials Hm,n- Namely, we assert 


Theorem 4.1. For every p, g G M, we have 


(9) 




p + iq p — iq 

, V2 ’ V2 , 


Proof. Note first that by making use of the generating function (H) for the real Hermite polynomials 
Hm, we get easily that 

(10) £ (y + f) H., (j, - f) = 

On the other hand, according to the expression of V given by (3]), we can write 


X(^hm, hn) (^pj q) 


1 r+oo , (y+pp (y-pp 


\/27r J—c 

g 4 r+oo 


--^ 


Hm (^y + 0 Hn (^y - 0 dy 


\p2/K j—c 




By means of (fTOl) . we obtain 

H-cxd m 


^ ^^V{hm,hn){p,q) = r" e-y"H^<l+2iu+v})y^y 

ml n\ V27r J-oo 


m,n=0 

More explicitly, we have 


(11) 


+00 m n _E_±2_ 

^ ^^Vihm,hn){p,q) = 

ml r)I \/2 
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which follows by applying the well-known expression of the elassieal Gauss integral given by 


( 12 ) 


^-ay 




\ 1/2 n 

\ ' fl2 


ffl jA^a 


with a > 0 and fi E Now, by setting z = p + iq,WQ get 


(13) 


+0O 


_kr 

r^=o m! n\ ^ 


2uv^zu—zv 


In the right-hand-side of the last equality, we reeognize the generating funetion ([7]) of the eomplex 
Hermite polynomials Hm,n- Therefore, 


+0O 


H —j—rV(h^,/i„)(p,g) = 


e {^/2u)^ {-^/2vY ^ f z ^ ' 


m,n=0 


m\ n\ 


_klf 
e 4 


E 

m,n=0 


-H. 


ml 


nl 


m^n 


[x/2'v^, 


- /2 E 

V ^ m,n=0 

By identifying the two power series, we obtain (|9l). 


+ 0 O 

ml nl 




The special case of p = 0 in (|9l) yields the following 
Corollary 4.2. For every t E R, we have 

(14) HMHn{y)e-y"-^^^dy = A, . 

While when speeifying g = 0, we ean deduce the following 
Corollary 4.3. For every t e M, we have 

(15) Hm [y + 0 Hn (^y - 0 e~y^dy = {-lYHm,n • 

Remark 4.4. By taking t = 0 zn (fT4l) and (fTSl) . we recover the well-known formula 

/ + 0O „ 

(y) Hr, {y) e"^ dy = y/n2'^ml6m,n 

-OO 

since Hm,n (0, 0) = {-l)"^ml6m,n- 

As an immediate eonsequenee of Theorem 14.11 eombined with the faet that V transforms orthogonal 
basis of H(R) to an orthogonal basis of L‘^{C), we reeover the following well-known result (see 

mEmmmi 

Corollary 4.5. The complex Hermite polynomials Hm,n constitute an orthogonal basis of the Hilbert 
space T^(C, dxdy); z = x iy. 

In the sequel, we will investigate further eonsequenees of Theorem l4.1[ We begin, by establishing a 
new generating funetion for the eomplex Hermite polynomials Hm^n, with m = n. Namely, we assert 

Theorem 4.6. For every positive real number 0 < A < 1, we have 



(16) 


1 + A ■ 
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Proof. Starting from ® , we can write 
(17) 


V2 




with z = p + iq\p,q Therefore, we get 

-Foo \m . |2 +0O (_ 

^ — -Hm,m (z,z) = \f2e~ ^ 


m=0 


m\ 


m =0 


2™'m! 


■V{hm, hm){V2p, V2q) 


il e' 


+CXD 

E 


(-A)^ 


TT “o 2-m! 


L [y + 


x/2. 


FT 

e 2 


' +0O 


TT 


( E 2 -j,! ( 2 / + 


\m =0 


In the last equality we recognize the Mehler’s formula ® for the Hermite functions. Whence, it 
follows 


(18) 

Now, since 


E {Z, Z) = ^ ^ ^ ~ ^ 


m =0 


ml 


TT 


A dy. 


( P p 

V2 


-A = 


1 -1±2l^2_ 1-A 2 

3 l-AW 2{l-f-A)F' 


vT^ 


Equation (flSl) becomes 


+00 \ m 


LI l-A 


._. X’'"- (3 2 1+A 2 




m=0 


m! 


Making appeal to (fT^ with a = 1^ > 0, for 0 < A < 1, and j3 = i\/2q, we get (fT^ . 


5 Concluding remarks 


Instead of hn, we consider the orthonormal basis of T^(C) given by 

hn{x) hn{x) 


en{x) = 


WK, 


2^n\\/7r 


Thus according to ®, giving the expression of the complex Hermite polynomials in terms of the 
generalized Laguerre polynomials (x), we can rewrite the result of Theorem 14. li as 


V^. Z^ (If?' 


V{em,en){p,q) = 




e 4 ,( 


where p + iq = z. This reads equivalently as 

^ j! 


(19) 


V{ej+k,ej){p,q) = 


27r2^(j + k)\ ^ 

V(ej,ej+fc)(p,g) = (-1)^ ' 


" r(n-m) ( N 
^ \ 2 




if m > n 


if n > m 


ME- 

27r2'=(g + A :)!) ^ [ 2 J 


( 20 ) 
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Whence, we recover the result established by Wong in lfT9ll giving the explicit expression of V(e„, e^) 
in terms of the Laguerre polynomials {iz in Wong’s notation is 2 : in ours). However, our proof reduces 

considerably the one given by Wong. 

We conclude this paper by noting that by adopting the same approach as above, one can introduce a 
new class of orthogonal polynomials on the quaternion = H. This is the subject of another paper. 
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